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Abstract 

The covariant canonical formalism for four-dimensional BF theory is performed. The aim of the 
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the second Chern character, the presymplectic 3-form is different to the one of the BF theory in 
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they both agree to each other. Moreover, the analysis of the degenerate directions shows some 
differences between diffeomorphisms and internal gauge symmetries. 
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I. INTRODUCTION 



In the path integral quantization of a given field theory one needs to sum the exponential 
of the classical action weighted with a suitable factor over all possible configurations of 
the fields under consideration. If the theory under study is a gauge theory one needs, 
in addition, to factor out the gauge transformations in such a way that the sum includes 
only equivalence classes of gauge transformed fields. So, intuitively, it is expected that any 
change in the action principle, yielding the same classical equations of motion, provides a 
completely different quantum theory. For instance, if the Yang-Mills Lagrangian density 
tiF A -kF is modified adding the term OtiF A F the resulting quantum theory is sensitive 
to this contribution even when it does not modify the classical equations of motion Q|. 
One way to understand, at the classical level, the cause of having a different quantum 
theory for the Yang-Mills field is to realize that, in the generic case, the specification of the 
Lagrangian density is equivalent to specify the symplectic geometry in the various phase 
spaces associated with the classical theory. Thus, if the Lagrangian density changes, the 
symplectic geometry also does generically. If one accepts that what defines a dynamical 
system is its equations of motion then this knowledge is not enough to specify the symplectic 
geometry on the various phase spaces involved. If, one the other hand, one accepts that what 
defines a dynamical system is its equations of motion plus an action principle (which provides 
its equations of motion), then one is in a different situation. The difference is that, as we 
have already mentioned, the specification of the Lagrangian density provides a symplectic 
structure. Thus, an action principle plays a double role: (1) it provides the equations of 
motion and also (2) provides the symplectic geometry. Before going into the analysis of the 
BF theory, which is the subject of this paper, let us emphasize this point with a very simple 
example borrowed from dynamical systems with a finite number of degrees of freedom. The 
equations of motion for the two-dimensional isotropic harmonic oscillator x + uj'^x = and 
y + tu^?/ = can be obtained from the Lagrangian C{x,y,x,y) = m{xy — u'^xy) or from 
Cusuai{x,y,x,y) = \m (x^ + - cu^x^ - t^^y^). Moreover, C ^ Cusuai + dF{x,y,t)/dt. Note 
also that we are not making a change of coordinates, which are the same for both cases. The 
symplectic structures coming from these Lagrangians are very distinct to each other even 
when they both provide the same equations of motion P|. Coming back to field theory, it 
has been shown, in the context of Dirac's canonical analysis, that the symplectic potential 
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changes if one adds topological terms to the Lagrangian density of tetrad gravity P . On the 
other hand, using the covariant canonical formalism, it has been shown that the inclusion 
of topological terms in Lagrangians for string theory also modifies the original symplectic 
potential y,|5|. 

In this paper, in the context of the covariant canonical formalism we perform 

the covariant canonical analysis of four- dimensional BF theory, BF theory plus a cosmo- 
logical constant A, and BF plus the second Chern character F^^ A Fjj. These theories are 
topological in the sense that there is no fixed background metric g on the four- dimensional 
manifold M. in which they are defined. In addition, they are topological in the sense that 
they have no local degrees of freedom. A more detailed analysis of the covariant canonical 
formalism for BF theory can be found in Ref. Q|. Of course, the inclusion of the second 
Chern character does not modify the equations of motion while the cosmological constant 
does. However, the aim of the paper is to study the symplectic geometry involved. It 
must be emphasized that Dirac's canonical analysis for BF theory has been already done 
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3 (see also the Appendix A). In Ref. Q 



see also the Appendix A). In Ref. it is shown that the first class constraints 



IJ := \rj°'^^Fijcij{A) ^ are reducible. Dirac's canonical analysis for BF theory with a 
cosmological constant is reported in the Appendix A, where it is shown that now the re- 
ducibility equations involve both the Gauss constraints and the other set of first class 
constraints \E'"/j := ^fj^'^'^Fbcij — Keukl^"'^^ ~ 0. This is so because of the cosmological 
constant A. In both cases, the reducibility equations in Dirac's canonical analysis come from 
the Bianchi identities DFjj = 0. So, the covariant canonical formalism is an opportunity to 
understand the role these identities play on this formalism. 



II. BF THEORY 



The four-dimensional BF theory with S0{3, 1) as the internal relevant group is defined 
by the equations of motion 

Fij = 0, DB'' = 0, (1) 

where Fjj{A) = dAjj + Ajk A j is the curvature of the Lorentz connection 1-form A/j, 
B^J = iBijdx'' A rfx^ is a set of six 2-forms, DB^-^ := dB^-^ + A^ rA B^-^ + A-^ B^^ is the 
covariant derivative of B^^ \ I, J = 0, 1, 2, 3 are Lorentz indexes which are raised and lowered 
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with the Minkowski metric t]jj. Even though the analysis will be restricted to a Lorentz 
BF theory, the results are generic in the sense that hold for any BF theory in 4-spacetime 
dimensions. The choice of the Lorentz group is only to fix the notation that might be used 
for the case of BF gravity. 

In the context of the covariant canonical formalism, the kinematical phase space ^ of 
the theory is defined as the space formed by all smooth Lorentz connections Ajj and B^"^ 
fields. Any generic point of ^ is not required to satisfy the equations of motion of the BF 
theory. The space of solutions to the equations of motion ^ is considered as submanifold 
of <^ and is formed by all points of ^ that satisfy the equations of motion of Eq. (^. The 
reduced (or physical) phase space for the theory is reached by making the quotient of ^ 
by the gauge transformations of the theory ^, [J. Even though the term "phase space" has 
been used to name these different manifolds, it must be emphasized that, at this stage, 

and the reduced phase space carry no intrinsic symplectic geometry. Thus, although 
the equations of motion of Eq. ((1} are used to define they are not enough to uniquely 
endow the various phase spaces for the theory already mentioned with symplectic geometry. 
Where does symplectic geometry come from then? One possibility is from action principles, 
specifying the Lagrangiari density [fsj ]. The equations of motion of Eq. (jT)) are usually 



obtained from the action 



S[A,B] = f B''aFjj[A]. (2) 

JM 

[see also Refs. Q| and jl^ for alternative choices of the action]. To get the geometry, one 
needs to proceed along the following lines. The first order variation of the Lagrangian 4-form 
L[A,B] = B^^ AFij[A] is 

SL[A, B] = (SB^^) A Fij - (db") A SAu + d@{B, 5A) , (3) 

from which the presymplectic potential 3-form 

&{B,6A) := B^-' A6Aij, (4) 

is read off. Now, by taking into account an arbitrary smooth two-parameter family of field 
configurations and computing the antisymmetric combination of the variations in L[y4,i?], 
[6i,62\L[A,B] = yields Q 

duj{5^A, 5^B, 52A, 52B) = {5iB'^) A 52F1J - {52DB'^) A d^Au - (5i ^ ^2) , (5) 



where 

u{6iA,6iB,62A,62B) = (6iB'-' A 62A1J - 62B'^ A 6iAij) . (6) 



is the presymplectic 3-form 



A. "Fundamental" set of local gauge transformations 

(i) Local Lorentz transformations: The action is fully gauge invariant under any arbitrary 
finite local Lorentz transformation. The infinitesimal version of this transformation is 

5,B^' = -s'kB^'-s'kB''^, (7) 

where Su are the infinitesimal gauge parameters. The change of the Lagrangian L[yl,S] 
induced by the infinitesimal variation of the fields, given in Eq. ((7j), is 

8,-L[A,B] = 6,B'' AFjj + B'' A6,Fij 

= 0. (8) 

Therefore, from Eqs. (jH)) and (jSj) the Noether current 3-form JAr[A, B, e] (Ref. 0|) associated 
with the symmetry is 

JN[A,B,e] = &iB,Deu) 

= B'' A Dei J , (9) 

which can be rewritten as 

iN[A,B,e\ = dq,[B,e\-eu ADB^\ (10) 

with 

Q[5,£] ■.= eijB'' , (11) 

the corresponding Noether current potential 2-form. Equation (fTUj) has the same structure 
that appears in the Noether current associated with infinitesimal diffeomorphisms in theories 
with dynamical background metric in the sense that the right-hand side of Eq. is the 
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exterior derivative of the Noether current potential 2- form Q[i?,e] plus a term proportional 
to (one set of) the equations of motion 18|. There is a priori no reason for an internal 
symmetry, like ((Tj), behaves in the same manner as diffeomorphisms. 

Degenerate directions: These can be obtained from the symplectic inner product between 
the gauge transformation 5^ and an arbitrary variation 6 by taking 6i = 6 and 62 = S^- From 
Eqs. © and ©, 

= d{SQ[B,E])-Eij5{DB'-'). (12) 

Note that on the right-hand side of Eq. (fT^ appears one term involving the linearized 
Eulerian derivative, 6{DB^'^), but no terms proportional to Eulerian derivatives themselves 
appear explicitly. As it will be seen, later on, this is a difference with respect to infinitesimal 



diffeomorphisms (see Sec. Ill B|l . Thus, we have 

n^{6A,6B,6eA,6eB) := / uj(6A,6B,6eA,6eB) 



- [ ejj5DB'' + [ iejj6B'') . (13) 



The integral over E depends on the gauge parameters e^j, the fields (A/j, B^^) and their 
variations while the integral over 9S depends only on the gauge parameters Su and the 
variation of the B^^ fields, 6B^'^ . Both integrals, in general, do not vanish and therefore the 
gauge transformation of Eq. ((Tj) does not qualify as a degenerate direction unless additional 
assumptions are imposed. In particular, one has the following. 

Proposition: If the linearized Eulerian derivative 5{DB^^) vanishes, SlDB^"^) = 0, and 
the arbitrary variations SB^'^ have compact support in the interior of S, SB^"^ |as= 0, then 

n^i5A,5B,6eA6eB) = 0, (14) 

without imposing any additional restrictions on the gauge parameters ejj. Note that 
{Ajj, B^^) need not be a point of the space of solutions to the equations of motion ^ 
in order for Eq. (fT^ to hold (see also Ref. ^^). Nevertheless, it is a common fact to re- 
strict the analysis to and also to take {SAjj, SB^^) as tangent vectors to Of course, 
the integral over dT, in Eq. fllH|l also vanishes if the gauge parameters ejj vanish at (9S, i.e., 
if the infinitesimal gauge transformation of Eq. ((Tj) is the identity at 9S. 
Canonical transformations: 



Proposition: The infinitesimal gauge transformation of Eq. (|7j) is a canonical transfor- 
mation. 

Proof. From the gauge transformation of Eq. (I7|) , 

A' I J = Aij + Dejj, 

we can compute two arbitrary variations of the gauge-transformed fields of Eq. |T3|) (Ref. 

6iA'jj = 6iAjj - 5iA^ I ekj - 6iA^ j ejk , 

SiB''^ = 6iB'^ - k5;B'^-' - e-^ K^iB'"^ ■ (16) 

So, 

uj : 



[hB''^ A b^J^ij - 52B'" A diA'ij 
6iB'' - e' k5iB^' - kSiB'"") A [S^Ajj - S^A"" , ekj - 62A'' j ejk 



- [62B'' - e' KS2B''' - KS2B''') A [6iAij - , skj - 5i j sjk) 
= 00, (17) 

exactly, i.e., without using any additional conditions. Therefore, 

fi's := J^uj{6iA',6iB',62A',62B') 

= [ uj{5iA,S^B,52A,S2B) =n^. (18) 

(ii) B 's transform like connections: The infinitesimal version of this gauge transformation 

is 

Sx^iJ = 0, 

d^B'-' = Dx'' , (19) 

where the gauge parameters x^"^ ^-^'g 1-forms. However, this symmetry ispeculiar in the 
sense that it does not satisfy the definition of symmetry in a strict sense j8|. To see this, 
the variation of the Lagrangian Lj[A, B] induced by the variation of the fields is computed 

5^L[A,B] = Dx'-'aFjj, (20) 



which has not the desired form in the sense that the right-hand side of Eq. fl2Up is not of 
the form da.. To continue, we must rewrite the right-hand side of the last equation, 

<5^L[A, B]= d (x'' A Fij) + A DFjj . (21) 

Thus, the right-hand side of Eq. (pT|l is not, in a strict sense, of the form doc. It acquires 
this form just if the Bianchi identities DFjj = are used. However, when computing the 
transformation of the Lagrangian L[y4,i?] induced by the transformation of the fields it is 
not allowed to use the equations of motion in order to check if the transformation of the 
fields does (or does not) qualify as a gauge symmetry. A purist might say that the second 
term on the right-hand side of Eq. (PT|) involves no equations of motion simply because the 
Bianchi identities do not qualify as equations of motion in the sense that they do not appear 
when the first order variation of the Lagrangian is computed [see Eq. (jH}]. 
Therefore, from Eqs. Q and ()21|). 

d (x'' A Fjj) + A DFjj = {Dx'') A Fjj , (22) 

and so 

dJN[A, x] = -x" A DFjj + (Dx") A Fjj , (23) 




JnIAx] ■■= ^Fjj, (24) 

the Noether current associated with the local symmetry Note that JAr[A, x] is pro- 

portional to the Eulerian derivative Fjj. Note that if the equations of motion hold (i.e., 
if Fjj = hold) and the Bianchi identities hold (i.e, if DFjj = hold) then the Noether 
current is identically conserved. Moreover, note that JArfA, x] identically vanishes on-shell, 
i.e., Jiv = if Fjj = 0. 

Degenerate directions: Again, from the symplectic inner product between the gauge trans- 
formation 6^ and an arbitrary variation 6 and Eqs. © and (fTIH) 

u{6A, 6B, 6^A, 5^B) = d{6 (-x" A Ajj)) - x'' A 6Fjj . (25) 

Note that on the right-hand side of Eq. ()25|) appears the linearized Eulerian derivative SFjj 
but not the Eulerian derivatives themselves in contrast to what happens with diffeomor- 
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phisms (see Sec. IIIB|) . Thus, we have 

Vt^{5A,5B,5-^A,5^B) := / u{5A,5B,5^A,5-^B) 

J s 



/ x'' ^5Fu- I {x'' ^5Aij). (26) 



Again, the integral over S depends on the gauge parameters x^'^ i the field Ajj and its first 
order variations 5Aij while the integral over 9S depends only on the gauge parameters x^'^ 
and the variations of the field A/j, 5Aij. Both integrals, in general, do not vanish and 
therefore the gauge transformation of Eq. (fT^ does not qualify as a degenerate direction 
unless additional assumptions are imposed. In particular, one has the following. 

Proposition. If the linearized Eulerian derivative 5Fij vanishes, 5Fij = 0, and the arbi- 
trary variations 6Aij have compact support in the interior of S, 6Aij |as= 0, then 

n^{6A,6B,6^A,6^B) = 0, (27) 

without imposing any additional conditions on the gauge parameters x^'^ ■ Note also that in 
order for Eq. (j^Tj) to hold it is not necessary that the point {Ajj, B^^) belongs to the space 
of solutions to the equations of motion ^ . Nevertheless, it is a common fact to restrict the 
analysis to this case and also to take {5Aij, 6B^^) as tangent vectors to Of course, the 
integral over 9S in Eq. ()26|1 also vanishes if the gauge parameters x^"^ vanish at dT,, i.e., if 
the infinitesimal gauge transformation of Eq. (fTIHl is the identity at (9S. 
Canonical transformations: 

Proposition: The transformation induced by the gauge symmetry of Eq. p9p is an 
infinitesimal canonical transformation. 
Proof. In fact, from Eq. (fT^ . 

A'lj = Aij, 

^,iJ ^ B'^ + Dx'\ (28) 
we can compute two arbitrary variations of the gauge-transformed fields Q 
8iA' ij = 6iAjj, 

SiB''' = 5,B'' + 5,A' K^x''' + K^x''^ . 1 = 1,2. (29) 



So, 



(5^B''' A 52A'ij - 62B''' A 5iA'jj 
9 



%B'J + d^A' K^x''' + 52A' K A x'^) A 5,Aij 



= (30) 

exactly, i.e., without using any additional conditions. Therefore, 

f^'s := / uj{5iA',5iB\52A',52B') 

= f u{S^A,5,B, 52 A, 52B) = nj:, (31) 

under the infinitesimal gauge transformation of Eq. (fTIHl . 
B. DifFeomorphisms 

The gauge symmetries discussed in Sec. Ill Al can also be obtained by using Dirac's canon- 
ical analysis. In addition, Dirac's canonical analysis shows that the full set of constraints 
are first class. There are no second class constraints in the theory. However, the first class 
constraints \E''* /j (which generate the 6y. symmetry) are reducible on account of the Bianchi 
identities DFjj = which imply the reducibility equation Da^'^ ij = 0. Once reducibility 
is taken into account the counting of the local degrees of freedom is zero, showing that the 
theory has only global degrees of freedom (see, for instance, Ref. and the Appendix A). 
Moreover, it is also known that the theory is diffeomorphism covariant. Therefore, the trans- 
formation of the fields induced by diffeomorphisms must be built from the "fundamental" 
set of gauge transformations ((Zj) and (The quotation marks in the word "fundamental" 
emphasize the fact that the gauge transformations are not independent on account of the 
reducibility of the constraints.) In fact, a diffeomorphism induces a change in the fields Ajj 
given by 

S^Ajj = C^Ajj = ^-Fu + Dei J = ^ ■ Fu + 5,Aij , (32) 

as well as in the fields B^'^ , 

5^B^^ = C^B^^ = ^ ■ DB^^ - kB^-^ - kB^^ + Dx" 

= i ■ DB^-^ + 6eB^-^ + 6^B^^ , (33) 

where ejj := ■ Ajj is a set of 0-forms and x^'^ •= ^ ' B^"^ is a set of 1-forms. 
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Noether current: The Noether current 3-form associated with diffeomorphisms is 17 1 

3n[A,B,^] = &{B,C(A)-^-L 

= dQ[A, B, e] - (e ■ Ajj)DB'' - (e • B'') A Fu , (34) 

where 

Q[A,B,^] = {^-Au)B'', (35) 

is the Noether current potential 2-form. If {Ajj, B^^) is a point of the space of solutions 
to the equations of motion then JAr[y4,i?,^] can be obtained from the Noether current 
potential i n[A, B , ^] = dQ,[A, B,^]. The Noether charge Qe(0 associated with infinitesimal 
diffeomorphisms is given by the integral of JAr[A, B, ^] over E, 

Qe(0 := / Jn[A,B,^] 

= / Q[A,B,^]- [ [{^■Ajj)DB'' + {i-B'')AFjj]. (36) 

Proposition: If {Ajj, B^^) is a point in ^ then the Noether charge just has a contribution 
from the boundary of S, 

Qe(0 = / Q[A,B,i]= f {i-Au)B''. (37) 

J 9E J 9E 

Canonical transformation induced by diffeomorphisms: The transformation of the fields 
induced by a diffeomorphism is 

A' J J = Aij + C^Aij, 

^fiJ ^ + C^B^\ (38) 



and so 







SiA'ij = SiAij + 5i{C^Aij) = SiAij + Ci:{5iAij) , 

6iB'^^ = 5iB^^ + 5i{C^B^-^) = 6iB^^ + £5 (5^5^^) . (39) 

Therefore, at first order in the gauge parameters, 

:= (5iB''^ A 52A'ij - S^B''^ A SiA'ij) 

= u + C^u. (40) 
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Finally, 

:= j uj' = j UJ+ j {i-du + -00)) = ^^+ I {i-du + d{i ■ u)) . (41) 

JS JE JT. JT. 

If the linearized Eulerian derivatives vanish, i.e., if 6i{Fjj) = and SilDB^"^) = 0, i = 1,2 
then duj = 0, and so 

n'j: = nj:+ f di^-u) = n^+ [ ^ . (42) 

JT. JdT. 

Note that Ajj and B^^ in 6i{Fjj) = and 6i{DB^'^) = are not required to be solutions to 
the equations of motion Fjj = and DB^^ = 0, i.e., SiAu and 5iB^^ are tangent to ^ but 
not to ^ . Thus, if 

/ e-^ = 0, (43) 

JdT. 

then 

fi's = ^T . (44) 

This result can be summarized in the following: 

Proposition: If the linearized Eulerian derivatives Si{Fij) = and 5i{DB^^) = hold then 
Eq. fl43p is a necessary and sufficient condition for be invariant under the transforma- 
tion associated with infinitesimal diffeomorphisms, i.e., if the linearized Eulerian derivatives 
^i{.Fij) = and 6i{DB^-^) = hold then Eq. is a necessary and sufficient condition for 
infinitesimal diffeomorphisms to be canonical transformations. 

It is clear that in the particular case when E has no boundary, i.e., dH = then Eq. ()43|) 
holds without any additional restrictions on ^. 

Degenerate directions: The starting point is the expression for the presymplectic 3-form 
with (5i = (5 an arbitrary variation and 62 is taken as the variation induced by the Lie 
derivative on the dynamical fields. From Eqs. (jHl) and ()38j] . 

uj{6A, 6B, C^A, C^B) = {6B^^ A C^Au - C^{B^-^ A 5Aij) + B^^ A 5{C^Aij)) • (45) 

Now, by taking 5 = m the expression for the presymplectic current potential 3-form of 
Eq. dH) and computing its variation one has 

5@{B,C^A) = 6B^-^ AC^Ajj + B^^ A6{C^Ajj). (46) 
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Inserting the right-hand side of Eq. ()46|) into the right-hand side of Eq. ()45p one gets 

uj{5A,5B,CiA,CiB) = 6&{B,C^A) - C^{B^^ A 6Aij) 

= 6@{B,CiiA)-C^@{B,6A). (47) 

On the other hand, the variation of the Noether current 3-form is 

6Jn[A,B,^] = 6@{B,C^A) -^-dL 

= 6@{B, C^A) - e ■ {{SB^^) A Fij - (dB^^) A 5Aij + d@{B, 5 A 
= uj{6A, 6B, C^A, C^B) + £^0(5, 5 A) 

- i ■ ({5B'') A Fu - [db'J] a 5Au) - e ■ d@{B, 5 A) 



= u{6A, 6B, C^A, C^B) - ^ ■ [{6B^-^) A Fu - [DB^-^j A M/jj 

+ d{^-e{B,6A)) . (48) 

To get the second hne on the right-hand side, Eq. Q was used while Eq. (jlTj) was used to 
get the third hne. Inserting the explicit expression for 6J]y[A, B,^] given in Eq. into 
the left-hand side of Eq. (|ISj) one has 



uj{5A, SB, C^A, Ci-B) = d {SQnIA, B,^]-^- 0(5, 5A)) - (^ ■ Aij)5DB^^ 

-{^■B'')A6Fjj + i6B'')Ai^-Fjj) 
-{^■DB'')A6Aij. (49) 

Note that, in contrast to Eqs. (fT^ and (j2SI), in the case of diffeomorphisms the symplectic 
inner product between 6^ and an arbitrary variation 6 involves both Eulerian derivatives and 
the linearized Eulerian derivatives. One has the following: 

Proposition: Let {Ajj, B^"^) be a point in let {6Ajj, 5B^^) be a solution to the lin- 
earized Eulerian derivatives at [Ajj^B^^) [i.e., {5Aij,5B^'^) are such that 5{DB^^) = and 
6Fij = and are tangent to ^ at {Au, -B^"')]. Then, we have 

uj{SA, 5B, C^A, C^B) = d {SQn[A, B,^]-^- &{B, SA)) , (50) 

and thus, integrating on E, 

nj:{6A,6B,C^A,Ci:B) := J^uj{6A,6B,C^A,C^B) 



£j6Q^[A,B,^]-^-@{B,SA)) . (51) 
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Inserting the explicit expressions for Qn[A, B,^] and @{B,SA) one has 



nj:{6A,6B,C^A,CiB) 



i 

Ja 

i 

Ja 



5{{i■Au)B'')-i■{B''^5Au) 



{i-Ajj)5B''-{i-B 



) A 5Aij 



(52) 



Some remarks follow: (1) first of all, Eq. ()52|) tells us that, in the context of the covariant 
canonical formalism, not all diffeomorphisms are to be regarded as gauge because the right- 
hand side of (j52|l will not vanish for any ^, (2) note that if (A/j, B^^) G ^ then ^ ■ Au ^ 
and ^ ■ 5^-^ 7^ in the generic case. Moreover, note that the right-hand side of (jK^ vanishes 
for all (A/j, B^'-') of ^ and for all tangent variation SB^'^) to ^ in {Ajj, B^^) if and 

only if ^ vanishes at the boundary ^ |as= 0. Thus, just those diffeomorphisms which are 
the identity at dT, must be regarded as gauge. One could say that the gauge transformation 
is broken at (9S in the sense that ^ |as= 0. However, from that perspective one would be a 
priori assuming that all diffeomorphisms are gauge which as the previous analysis shows is 
not the case. Let C be a diffeomorphism such that it does not vanish at The full set of 
these C's span the boundary symmetry group. Thus, the covariant canonical formalism tells 
us that the boundary symmetry group is not a gauge group (see also Ref. |9|] to understand 
the role of diffeomorphisms in the case of general relativity). 

Existence of a Hamiltonian: For variations 5Aij with compact support in the interior of 
E, i.e., 5Aij |as= 0, 



which means that a Hamiltonian conjugate to C on S exists and that its Hamiltonian density 
is precisely the Noether potential Q[y4,i?,C]. We have assumed that C does not vanish at 
and thus, by definition, C, is not a degenerate direction. 

On the other hand, for variations with compact support in the interior of S, i.e., 



so there exists a Hamiltonian conjugate to C, on S. 

Relationship between the Noether currents: It is possible to compare the Noether current 
associated with diffeomorphisms, 3 n[A, B ^]., with the currents associated to the fundamen- 




(53) 



5B^-^ 




(54) 
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tal set of gauge symmetries 

Jn[A,B,^] = B'' AC^Ajj-^-{B'' AFij) 

= B'' A ■ Fu + Dejj] - ■ B'-') A Fjj - A • Fu) 
= A Dejj - x'-' A Fu 

= JN[AB,E]-Jr,[A,x]. (55) 

In a more appropriate notation 

Jn[A,B,C,] = {3N[A,B,e] -Jn[A,x]) \eij=i-Ajj,x'J=i-BiJ ■ (56) 

Note also that Jn[A,B,^] = 3]\f[A,B,e] because JAr[A, x] = on-shell (i.e., if Fjj = 0). 
Moreover, note that 

Q[A, B, e] = (e ■ Ajj)B'' = eijB'' = Q[5, e] . (57) 

III. BF THEORY PLUS A COSMOLOGICAL CONSTANT 

The four-dimensional BF theory with S'0(3, 1) as the internal group and supplemented 
with a cosmological constant A is defined by the equations of motion 

Fu = 2A * Bij , DBij = , (58) 

where *Bij = ^ejjKiB^^ is the dual of B^'^ . If 5*0(4) were taken as the internal group 
then rjjj — > 6jj, the connection were valued in the Lie alg ebra of S'0(4) and *^ = +1. 
Equations can be obtained from the action principle [ll[0| 

S[A,B]= f B''AFu{A]-Kf B'-'a*Bjj. (59) 

Thus, in contrast to BF theory, the space of solutions to the equations of motion ^bf+k is 
now defined by Eq. ()58|) . To get the geometry, one needs to compute the first order variation 
of the Lagrangian 4-form L[y4, B] = B^-^ A Fij[A] - AB^-^ A *Bjj, 

6L[A, B] = {6B^^) A {Fu -2A* Bu) - (dB^-^) A 5Aij + rfe(5, 5A) , (60) 

from which the presymplectic potential 3-form 

e{B,6A) := B^-' A6Aij, (61) 
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is read off. Therefore, the presymplectic 3-form uj is the same of the BF theory. The 
symplectic structure induced on ^ bf+k is simply the pullback to ^ bf+k of the curl of 
on the kinematical phase space. 
Degenerate directions: 

1. The symplectic inner product between 5i = 5 and 82 = 8e, uj{6A,6B,6eA,SeB), has 
the same analytical form of the BF theory. 



2. The symplectic inner product between Si = S and S2 = where S^Ajj = AejjklX 



KL 

and 5^B^^ = (Ref. 3) is now 



Lu{6A,6B,6^A,6^B) = (1(6 [-x'' A Ajj)) ~ x'' ^ HFij - 2A* Bjj) . (62) 

3. The Noether current associated with diffeomorphisms acquires the form [Jj 

3n[A,B,^] = dQN[A,B,^]-{^-Aij)DB"-{^-B'')A{Fjj-2A*Bjj),{Q3) 

with the Noether current potential 2-form Cli^[A, B,C,] having the same analytical 
form than the one of the BF theory. Due to the fact that uj{6A,6B, C^A, C^B) = 
d (5QAr[y4, B,^ — ^ ■ @{B, SA)) if the equations of motion and the linearized Eulerian 
derivatives hold and because Q,n[A,B,^] and @{B,6A) have the same form of the 
BF theory, then analysis of the degenerate directions is the same of the BF theory. 
Finally, note that now 6^, 6e, and are not related by (p?^ but by S^Ajj = ^ ■ 
{Fij - 2A * Bij) + 6eAjj + 6^Aij while 5^5" = ^ ■ DB^^ + S^B^-^ + 6^B^-^ retains his 
form with ejj = ^ ■ Ajj, x!'^ = ^ ' B^'^. 

IV. BF THEORY PLUS THE SECOND CHERN CHARACTER 

Now, the action we consider is the action for BF theory supplemented with the second 
Chern character 

S[A,B]= f B'' AFjj[A]+9 f F''[A] A Fij[A] , (64) 

with 9 a parameter. The first order variation of the Lagrangian 4-form L[yl,i?] = B^^ A 
Fij + OF'-J A Fij is 

5L[A, B] = 6B^-^ A Fij - [dB^-^ + 2eDF^-^) A 5Aij + d& , (65) 
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where 

= (b^J + 2eF^A A 6Ajj , (66) 



is the presymplectic potential 3- form [cf. Eq. Q]. From Eq. ()65|) . it is clear that the 
equations of motion Fjj = and DB^^ + 29DF^^ = coming from Eq. (|64p reduce to those 
of the BP theory because the Bianchi identities DFjj = always hold. Thus, the inclusion 
of the second Chern character does not modify the classical dynamics of the BP theory, as 
expected. This means that the space of solutions to the equations of motion ^ is the same 
for both theories. Nevertheless, in spite of the fact that the equations of motion are the 
same, the presymplectic 3-form changes. Por the present case one has 



UJ 



S, (S" + 2eF'-^) A S2A1J - 82 {b'^ + 2^F") A S^Aij (67) 



[cf. Eq. (jU))]. Therefore, the presymplectic 3-forms coming from Eqs. (0) and (j64j) are 
distinct. On the space of solutions the symplectic structure of Eq. (jHTj) is the same as 
the symplectic structure of Eq. ©, of course (see also Ref. jlS^). 
Degenerate directions: 

1. The symplectic inner product between 5i = 5 and 82 = is now 

uj{6A, 6B, 6,A, 6,B) = d ( ejjdB^-^ + 29 5^" A Dsjj) - eij6{DB^-^) (68) 

and so 

ns(6A, 6B, 6, A, 6eB) = - [ eij6DB^-^ + [ ( eij6B^-^ + 29 A Dsu) .(69) 

JY, JdT, ^ ' 

Therefore, if the linearized Eulerian derivative 5{DB^^) vanishes, 5{DB^^) = 0, 
and the arbitrary variations {6A^'^ , 6B^'^) have compact support in the interior of 
E, |aE= and 55" \qs= 0, then 

n^{6A,6B,6,A,6,B) = 0, (70) 

without imposing any additional restrictions on the gauge parameters eij. The integral 
over dT, in Eq. (jU^ also vanishes if both the gauge parameters ejj vanish and satisfy 
Deij = at dE. 

2. The symplectic inner product between Si = S and S2 = is the same as the one of 
the BP theory. 
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3. Now, we consider diffeomorphisms. The Noether current associated with diffeomor- 
phisms acquires the form 

3n[A, B, ^] = dQ^lA, B, - ■ Aij) (db" + 2eDF'') - • B'') A Fu , (71) 

where 

Q^[A, 5, i] = {i- Aij) (b'J + 2eF'') , (72) 

is the Noether current potential 2-form. Therefore, the Noether charge is the same as in 
the BF theory if the equations of motion are satisfied. Moreover, if both the equations 
of motion and the hnearized equations of motion hold, then symplectic inner product 
between 5i = 5 and 82 = 8^ becomes 

Qs{6A, 6B, C^A, C^B) = {6Qm[A, B,Q-^- @{B, 6A)) . (73) 

Inserting the exphcit expressions for Q^IA, B,^] and @{B,6A) one has 

Qj:{6A,6B,C^A,C^B) = [5 ■ A/j (5" + 2^F"^ 



= i Aij)5B'' - a ■ B'') A 6Aij] , (74) 

because F^'^ = and SF^"^ = 0, by hypothesis. Last equation has the same analytical 
form as the one of the BF theory. Therefore, the inclusion of the second Chern 
character does not modify the degenerate directions in the case of diffeomorphisms. 

V. CONCLUSIONS AND PERSPECTIVES 

To conclude, we emphasize the role that the Bianchi identities DFjj = play in four- 
dimesional BF theories. On the one hand, they are the cause of having the symmetry 6^ in 
the various four- dimensional BF theories already discussed. On the other hand, in the case of 
the BF theory with a nonvanishing cosmological constant A the combination of the Bianchi 
identities together with the equation of motion Fjj = 2A* Bjj "generates" dynamics for the 
B^"^ fields in the sense that they imply DBjj = 0. This fact is the origin of the reducibility 
of the corresponding first class constraints of the theory in Dirac's canonical analysis. This 
same phenomenon appears, in essence, in the action I3 

S[A, B,^]= f B'' A Fij - \cPuklB'' A , (75) 
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with (pijKL = —4>jiKL = —4>ijLK = 4>KLij where the combination of the Bianchi identities 
and the equations of motion Fu = (PuklB^^ and DB^^ = generates dynamics for the 
4>iJKL fields in the sense that these equations imply (DcpjjKi) A B^^ = 0. From the lesson 
learned from the case of the BF theory plus a cosmological constant A, we would expect 
that the theory defined by Eq. (|75|) has also reducibility in the constraints in the context 
of Dirac's analysis. We consider the present analysis as a first step towards the covariant 



canonical analysis of BF gravity 
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APPENDIX A: REVIEW OF DIRAC'S CANONICAL ANALYSIS FOR FOUR- 
DIMENSIONAL BF THEORY 

To compare some results of this Appendix with some results of the covariant canonical 
formalism one must make the changes ejj — > —ejj and e^^^ — > ^Xa^ this Appendix. 

(1) BF theory: By making the 3+1 decomposition, a straightforward computation shows 
that the action (j2)) acquires the form 



S[Aaij,U'''',Xij,K''] = I d'x 

J M 



M 

alj 



d'^xdaiXijU'^''), (Al) 

M 

where the phase space variables {Aaij,Il'^^^) and Lagrange multipliers A/j and Xa^"^ are 
defined in terms of the initial configuration variables as Yl"^^-^ -.= ^fj°''^'^Bbc^'^ , Xjj := —Aqjj, 
X^iJ ■= -5oa^-^, Dafl^^'' := dafl^^-^ + Aa^ k^''^'^ + Aa^ K^"^^ . If the spacctlmc M has 
the topology = S x i? and S has no boundary the second integral on the right-hand side 
of (jAlll can be neglected. The lower-case letters a, h are space ones and run from 1 to 3. 
Notice that the Lorentz indices /, J are not split holding in this way the full Lorentz group. 
The variation of Eq. ()A1|) with respect to the phase space variables yields the equations of 
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motion 



n = 2A[^i^n'^^-^l -r^'^^'^DbAe", (A2) 

with DaXij = daXij — Aa^ i^Kj — ^ jA/x- The variation with respect to the Lagrange 
multiphers gives the constraints 

:= DaU-'' ^ , ,j := ^v^'^FtdAA) ^ , (A3) 

which are first class. The infinitesimal gauge transformation generated by the Gauss con- 
straint is 

A'^u = Aaij - D^Bjj , ff'"'' = n'^^^ + e'^'U^ M ' - e"^n« M ' , (A4) 

and 

A'aij = Aaij , U'^'' = n"" - ry^^^D^e" , , (A5) 

is the gauge transformation generated by the constraint However, even though the 

constraints are irreducible the constraints u are not, i.e., they are reducible. This is 
so because the Bianchi identities DFjj = imply the relationship among the \E'" /j's, 

:= D,^^j = 0. (A6) 

The counting of physical degrees of freedom is as follows. There are 3 x 6 = 18 configuration 
variables Aaij and 6 + [(3 x 6) — 6] = 18 independent first class constraints. Therefore, the 
system has no local degrees of freedom |12| • Alternatively, the independent number of gauge 
parameters is 18 = 6 (the e/j's) + 12 (= 18 — 6 independent gauge parameters from e^'^). 

(2) BF theory plus a cosmological constant: By performing the 3 + 1 decomposition the 
action can be written as 



S[AaIJ,W",\uAa''] = j d^x[AaijW - XijDaW" 



(A7) 



The equations of motion are 



KL 



AalJ — —Da^IJ — AejjKL^a 

n = 2A[^ kI^"^-^^ - v'^'^DbXc " . (A8) 
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The constraints are 

:= DaU^'-" , ¥ J J := ^r'^F^^jj - Ae.j^z.fi'^^^ . (A9) 

The evolution of the constraints provides no more constraints. To compute the algebra of 
constraints it is convenient to smear them 

^[u] := j d^xuij^^\ ^[N]:= j d^xN^\¥ ij . (AlO) 

The constraint algebra is 

with [m, v]ij := Ui '^^vmj - uj '^^vmi, [u, NY-^ a = rN^-^ a - u-^ kN^^ a- The infinitesimal 
gauge transformation generated by the Gauss constraint is 

^aij = A^jj - D^Bu , ff'"" = n'^" + e'''ll^ M ' - e'^'ll'^ m ' , (A12) 

and 

A'aij = A^jj - A eijKL e""^ a , ff'"" = fl'^" - fj^^'D.e'' , , (A13) 

is the infinitesimal gauge transformation generated by the constraint \E'° /j. Again, the 
Bianchi identities imply that the constraints are reducible 

Da^jj + AeijKL^'''' = 0. (AM) 

Like in pure BF gravity the system has 3 x 6 = 18 configuration variables and 6+ [(3 x 6) —6] = 
18 independent first class constraints. Therefore, the system has no local degrees of freedom, 
as expected because the addition of a cosmological constant does not add local degrees of 
freedom. However, a key difference with respect to the case without cosmological constant 
A is that there the constraints \E'" jj and "^^'^ are independent while in the present case they 
are related through the reducibility equation given in Eq. (jA14|l . Moreover, due to the fact 
the reducibility equation involves now the Gauss constraints too, there are 18 independent 
gauge parameters among the 6 of e/j's and the 18 of e^'^'s. One can take these independent 
number of gauge parameters as the 18 of the ^^'^'s. By doing this, one might say that the 
local Lorentz transformation is redundant if a cosmological constant is present. 
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